Introduction
Let (M, g, Ω) be the conformal rescaling of a 3+1 dimensional vacuum spacetime (M,g), with g = Ω 2g , where Ω is a smooth function on M vanishing on the boundary ∂M. If M has smooth null boundary I , with connected components of topology S 2 ×R, it follows that the Weyl tensor of (M, g) vanishes on I . From this follows peeling properties for (M,g). This picture of isolated systems in general relativity, developed by Penrose, see [16, 9] , is useful for studying the mass and angular momentum of spacetimes, as well as gravitational radiation.
Friedrich has found a first order symmetric-hyperbolic version of the Einstein evolution equations, called the conformally regular field equations, which may be extended through I [10] . The Cauchy data for this system on a future Cauchy surface M , asymptotic to I so thatM ∩ ∂M = ∂M , include g ab , K ab , Ω as well as components of the rescaled Weyl tensor Ω −1 C α βγδ . In order to get a regular evolution at I , these data must be regular up to ∂M . It was shown by the author, Chrusciel and Friedrich [6, 4, 3, 5] that under certain conditions on the boundary geometry of M , the Cauchy data for the conformally regular field equations, are smooth up to ∂M .
Using the conformally regular field equations, Friedrich has shown that the maximal vacuum development of data (called hyperboloidal data) on a future Cauchy surface intersecting I , regular up to ∂M is a spacetime which has a "smooth piece of I ". Further, for small data the maximal vacuum development has a null boundary with future complete null generators and a regular timelike infinity.
A programme has been initiated to numerically evolve the Einstein equations using the conformally regular field equations [14, 15, 13, 12] . This approach may have advantages over the "traditional" approach which treats the asymptotic flatness condition by introducing boundary conditions far away from the isolated system under study, and attempts to observe for example gravitational wave signatures on this boundary.
In this note we will discuss the conformal procedure for constructing solutions (g ab , K ab , Ω) to the constraint equations and the geometric conditions for regularity at I . I will also briefly discuss the Cauchy problem for the Einstein evolution equations at I , directly from the point of view of the Einstein equations in (M, g).
Preliminaries
The following index conventions will be used. Greek indices α, β, . . . run over 0, . . . , 3, lower case latin indices a, b, c, . . . run over 1, 2, 3, and upper case latin indices A, B, C, . . . run over 2, 3.
Let (M, g) be a 3+1 dimensional globally hyperbolic space-time with covariant derivative D. Introduce coordinates (x α ) = (t, x a ) on M, and consider the foliation M t consisting of level sets of t. We will often drop the subscript t on M t and associated fields. M will be a compact manifold with boundary ∂M , and closurē M = M ∪ ∂M . Let T be the normal of M , assumed to be timelike, and let g be the induced positive definite metric on M , with covariant derivative ∇. We will use an index T to denote contraction with T , for example t T = T α t α . Let Σ = D T Ω and assume |Σ| > 0. The lapse function N and shift vectorfield X are defined by
Assume that M has null boundary ∂M and letM = M ∪ ∂M. Let Ω be a positive function on M with Ω = 0, dΩ = 0 on ∂M and denote byg the conformally related metricg = Ω −2 g. We will call g the unphysical metric andg the physical metric. We will use ·, · for the inner product induced on T M by g. Geometric quantities associated withg will be decorated with a tilde ∼, for example the covariant derivativeD and the Ricci tensorR αβ . We will consider only the case when (M,g) satisfies the vacuum Einstein equationsR αβ = 0. Let ω = Ω M . Assume that ∂M =M ∩ ∂M, has positive definite induced metric and that ω is a defining function for ∂M , i.e. dω ∂M = 0. We will refer to ∂M as I and the surface ∂M ⊂ ∂M as a cross section of I .
There is a gauge ambiguity in the conformal rescaling. LetΩ = ΩΘ −1 ,ḡ = Θ −2 g for some positive function Θ which is bounded and bounded away from zero on M. Theng =Ω −2ḡ is another conformal rescaling of g. A conformal gauge change can be used to control the mean curvature of ∂M , as well as the mean curvature of M . In particular, the conformal gauge freedom can be used so that the level sets of ω are the leaves of the gauss foliation w.r.t. ∂M , i.e. there are coordinates (x a ) = (x, y A ), so that in a neighborhood of ∂M , we have ω = x, and the metric takes the form
This possible without loss of generality, cf. [6, Lemma 2.1]. By construction we have x(p) = d(p, ∂M ) and the unit normal ∂M is η = ∂ x . We use the index 1 for contraction with η, for example t 1b = ∇ a xt ab = η a t ab . Let ∇ / A and R / AB denote the covariant derivative with respect to h AB and the Ricci tensor of h AB . The second fundamental form of ∂M with respect to η is defined by λ AB = ∇ A e B , η . Then we have ∇ A e B = ∇ / A e B + ηλ AB and
The quantities associated to (g ij , K ij , N, T ) in the physical space-time arẽ
The shift vectorfield X does not scale, soX = X. The physical Weyl tensor satisfies
A symmetric tensor field A ab on M is said to satisfy the shear free condition if
In the following we will consider only hypersurfaces intersecting I + which in view of our conventions force Σ < 0, so that Σ/|Σ| = −1. The spacetime (M, g) is said to be shear free at ∂M if K ab satisfies the shear free condition. In order for g to be in C 2 (M), it is necessary that K ab satisfy the shear free condition, cf. [4, Prop. 3.1]. In the following we only consider initial data which are shear free. Note that a change of conformal gauge can be used to get h AB λ AB ∂M = 0.
Conformal rescalings of Minkowski space
In order to understand the Einstein equations near I it is important to choose an appropriate conformal compactification and a suitable foliation near I . In this section we will display a few examples in the simplest case, Minkowski space.
Minkowski space is R 4 with the flat line element
in radial coordinates (t, r, θ, φ), where
2 is the line element on S 2 . We will consider two conformal rescalings of Minkowski space. First, define new coordinates τ, ρ by
Rescaling with the conformal factor
which is positive on U , gives [10, p. 450-451]
which is the line element of the Einstein universe R × S 3 . We have N ≡ 1, X ≡ 0. The null part of the boundary of U has two components with τ > 0 or τ < 0, called future and past null infinity, denoted I ± . The point (τ, ρ) = (0, π) is called spatial infinity and denoted i 0 . The points i ± with (τ, ρ) = (±π, 0) are called future and past timelike infinity. All inextendible future directed null curves start at I − and end at I + .
The hyperboloids t 2 − r 2 = u 2 in Minkowski space correspond to hypersurfaces in U intersecting ∂U at τ = π/2 at different angles depending on u, cf. figure 1. In particular, the hyperboloid with sectional curvature −1 corresponds to τ = π/2. On the other hand, the time translated hyperboloids given by t = √ 1 + r 2 + u intersect I at τ = π/2 + arctan(u), see figure 2. In this coordinate system, the future translated hyperboloids approach timelike infinity i + as u increases. The Lapse N is given at I by
which tends to zero as τ increases to π. This is a singular coordinate transformation, but this does not cause a problem as we are only interested in the behavior near infinity. In terms of the new coordinates, the Minkowski line element takes the form
After a conformal rescaling with
we get the line element ds 2 = Ω 2 ds 2 given by
The hypersurfaces τ =constant correspond to the time translated hyperboloids t = √ 1 + r 2 + τ in Minkowski space. The conformally rescaled spacetime M has null boundary I + = {ψ = 0}, and so the boundary of this conformal rescaling does not include I − or i 0 , i ± . Further, the closure of M is not compact. The foliation M τ of level sets of τ has Lapse N = cosh(ψ), and Shift X = ∂ ψ so that the time like normal T is T = cosh
The foliation M τ is static so that K ab = 0. The induced geometry on M τ is the cylinder dψ 2 + dσ 2 , with totally geodesic boundary {ψ = 0}. The future sheets of the hyperboloids t 2 − r 2 = u 2 of mean curvature −3/u intersect I at τ = 0, see figure 3.
Conformal constraint equations
The Einstein vacuum equationsR αβ = 0 imply the constraint equations
We will consider the constraint equations, in the special case of constant mean curvature ∇ a trK = 0, as a system of equations for the unphysical data and rewrite them in a form which exhibits the freely specifiable data.
In the form of the constraint equations that we will present, the freely specifiable data are (g ij , A ij ), where g ij is a metric on M , and A ij is a trace free, symmetric tensor field on M satisfying the shear free condition. We will assume for simplicity A 1a ∂M = 0, which does not restrict the degrees of freedom.
Let ρ be a defining function for ∂M , ρ = x near ∂M . Assume Σ M is a nonzero constant. Setĝ ab = ρ −2 g ab , define∇,R etc. w.r.t.ĝ and raise and lower indices on hatted fields withĝ. Given data g ij , A ij , a solution (g ij , K ij , ω) to the constraint equations is constructed by solving the system (7) below. We will refer to the system (7) as the conformal constraint equations. Existence, uniqueness and regularity of solutions to the conformal constraint equations has been analyzed in the papers [6, 4] . For a vector field Y , let
For a solution Y to the system
Thenσ ij = ρ −1 σ ij satisfies∇ aσ ab = 0. Let u be the solution to the semilinear elliptic equation
The fields (g ij ,K ij ) corresponding to a solution g ij , K ij , ω of the conformal constraint equations (7) solve the physical constraint equations (6) with mean curvatureg ijK ij = 3Σ, under the constant mean curvature condition ∇ a Σ = 0. 4.1. Constant mean curvature hypersurfaces. The existence of complete constant mean curvature hypersurfaces in asymptotically flat spacetimes was studied in [7] . There it was proved that in an asymptotically Schwarzschild spacetime satisfying a natural causal condition (domain of dependece of compact sets is compact), given a cross section of I + , and a number Σ < 0, there is a unique CMC hypersurface intersecting I + at the given cross section. The proof uses a barrier construction, together with the causality condition, to prove that the solutions to a sequence of boundary value problems converges to a complete CMC hypersurface.
This result indicates that a wide class of spacetimes with regular conformal compactification are foliated by CMC hypersurfaces. The regularity of the height functions of these CMC hypersurfaces at I has not been studied in detail, nor has the existence proof been carried out in the conformally compactified setting. This is a natural problem which should be studied further.
The conditions for regularity of CMC solutions of the conformal constraint equations constructed using the procedure discussed above is well understood, see the discussion in section 4.3 below. However, it is not at all well understood how these results relate to the regularity of CMC foliations in the physical or unphysical spacetime, evolved from these data, nor what spatial gauge conditions are suitable in this situation, see section 5 below.
Degenerate elliptic equations.
The system (7) of conformal constraint equations is a degenerate elliptic system for (u, Y i ). We will briefly describe the regularity properties of solutions to systems of this type. As an example consider the Lichnerowicz equation (7d). The principal part of the right hand side of (7d) is essentially of the form 
is of the form
where u 3,1 = cf 3 for some explicit constant c. This example reflects the fact, cf. [6, 4, 5] that solutions to degenerate elliptic systems are in general nonsmooth at ∂M , instead the general form of the solution has a polylogarithmic expansion of the form u = u i,j x i ln j x. In case the RHS and the coefficients are smooth, the logarithm terms in u appear first at the critical exponent α + .
The terms in the expansion of u up to and including the first logarithm term are computable in terms of the data, which implies that explicit geometric conditions for the regularity of solutions of the conformal constraint equations (7), and hence of the physical spacetime constructed from these data, can be found.
4.3.
Regularity of solutions to the conformal constraint equations. We will now discuss the detailed conditions for regularity of the conformal data (g ab , K ab , Ω) at ∂M . We will assume that free data (g ij , A ij ) ∈ C ∞ (M ) are given and consider the conditions needed for the solution (g ij , K ij , ω) of the conformal constraint equations, produced by solving the system (7), to be in C ∞ (M ). In the case when M is a moment of time symmetry in the unphysical space-time, i.e. A ij = K ij = 0, there is a simple criterion for regularity of the solution to the constraint equations. Let
denote the trace free part of λ AB . Then the solution to the conformal constraint equation is in C ∞ (M ) if and only if the conformal density C on ∂M , defined by
vanishes. In particular, this holds if ∂M is totally umbilic, i.e. if
In general if this condition does not hold, then the solution has an expansion in powers of x and ln x near ∂M and is thus of finite regularity at ∂M . In the case where K ij = 0 and consequently A ij = 0, we make the following simplifying assumptions. We consider shear free data (g ij , A ij ), such that
Equation (8a) should be viewed as a conformal gauge condition, which can always be satisfied if the data (g ij , A ij ) is smooth up to boundary. Similarly, equation (8b) may be viewed as a gauge type condition as it is possible to achieve this by subtracting a term ρ −1 L ij from A ij . If (8) holds, then the fields ω, Y i satisfy
and K ab is determined up to first order by A ab . If (8) holds, then the fields ω, K ij , ω −1 C αβγδ are in C ∞ (M ) if and only if the equations
cf. [4, Eq. (4.21)-(4.23), (4.33)], hold on ∂M . Note that our sign conventions for ǫ and K ab are opposite those of [4] . The particular form we present here holds assuming (8) . Equation (10a), which states that ∂ x K AB is proportional to h AB on ∂M , is a consequence of the vanishing of the Weyl tensor on ∂M , while equations (10b) and (10c) follow from smoothness of K ab up to ∂M . In particular, it can be shown that if ∂M ∼ = S 2 , then
The initial value problem
In this section we will consider the Einstein evolution equations directly from the point of view of the unphysical Cauchy data. Since we know from the work of Friedrich [10] that the maximal vacuum extension of conformally regular data on M has regular conformal boundary near ∂M , it follows that solutions to a well-posed formulation of the Einstein evolution equations in the unphysical space-time will have this property. Working directly in terms of the unphysical Cauchy data allows one to relate this problem to the extensive literature on the numerical solution of the Einstein evolution equations. In particular, it is interesting to consider gauge choices and hyperbolic reformulations.
Consider a foliation M t of (M, g) with ∂ t = N T + X. The structure equations of the foliation imply the Einstein evolution equations
and the constraint equations
The unphysical Ricci tensor R αβ is given by
the unphysical Ricci scalar is R = g αβ R αβ , and
The condition D T Ω = Σ may be viewed as an evolution equation for Ω,
In view of this, a natural boundary condition for N and X is
which corresponds to the asymptotic behavior of Lapse and Shift in the second conformal compactification discussed in section 3. In a neighborhood of ∂M , we may decompose X as X = αη + β. Then the boundary condition for X is α = 1, β = 0 on ∂M . 5.2. Evolution at ∂M. As discussed in [4, §5] , the shear free condition is necessary in order for the development of the data on M to have a regular conformal boundary. It is convenient to introduce the notation λ = h CD λ CD , κ = h CD K CD . We relax the condition λ ∂M = 0 used in section 4.3.
Imposing the boundary gauge condition (14) , a calculation shows that
In particular, ∂ t h AB ∂M is pure trace. For a symmetric tensor t AB , let t *
CD t CD h AB denote the trace free part. Define the shear tensor σ AB by σ AB = λ * AB + K * AB , so that the shear free condition can be formulated as
From the fact that ∂ t h AB ∂M is pure trace together with the fact that M is 3-dimensional, it follows that
Thus, if ∂ t (K AB + λ AB ) ∂M is pure trace, then the shear free condition is conserved by the evolution. The evolution equations and the boundary conditions imply
where
After a lengthy calculation one finds,
The leading order term N 1 is determined by the regularity of R αβ up to ∂M. Therefore the condition for preserving the shear free condition under evolution, ∂ t σ AB ∂M = 0 shows up as a gauge condition for X. Due to the shear free condition, the equation
can be solved by putting X 1 ∂M = N 1 η, in other words by imposing the condition that X is parallel to η at ∂M to first order, and that ∂ t is null to first order.
Discussion
In this note, I have shown how to construct solutions of the conformal constraint equations, and indicated the first steps in analyzing the evolution problem for the Einstein vacuum evolution equations, directly in the unphysical setting. It seems worthwhile to explore gauge choices, hyperbolic reformulations, boundary conditions etc. for the evolution equations directly in this setting. This makes it possible to tie in to the extensive literature on the standard form of the Einstein evolution equations. As an example, it is interesting to look at reformulations of the Einstein equations, derived by adding multiples of the constraints in the evolution equations, which have improved stability of the constraints, see for example [11] . It is natural to ask here if there are such reformulations which are also better behaved at I .
The gauge conditions that have been considered so far in the literature on the numerical solution of the Einstein equations are mainly hyperbolic in nature, and therefore suffer from well known problems such as gauge singularities [2, 1] . It is known that CMC time gauge gives a well posed form of the Einstein evolution equations. Therefore it seems natural to consider this time gauge also for the hyperboloidal IVP.
Choosing a time gauge condition such as the CMC condition, leaves open the choice of spatial gauge. It seems likely that it is advantageous to work with a "fully gauge fixed formulation" for numerical work. The combination of CMC time gauge and harmonic spatial gauge gives a well posed elliptic-hyperbolic system in case of compact Cauchy surface [8] . Does this gauge condition give a well posed system also for the hyperboloidal IVP, with boundary conditions given by a foliation of I ? The defining equation for the Shift vector field given in [8] is derived from the evolution equation for the metric and therefore does not depend on the matter content of the spacetime. This makes it possible to apply this formulation both in the physical and unphysical spacetime. It is an interesting problem to explore the consequences of this gauge choice for the hyperboloidal IVP, both from the point of view of the physical and unphysical formulation of the IVP and gauge conditions.
